In this chapter, we study the Z 2 -equivariant cubic system which is represented by (E
Standard Form of a Class of System (E Z2

)
In this section, we consider the following system (E where X k (x, y), Y k (x, y) are homogeneous real polynomials of order k with respect to x and y, k = 1, 3. Suppose that system (9.1.1) has at least two finite elementary focuses. We assume that two of them are at the points (±1, 0) (otherwise, we make proper linear transformation). system (9.1.1) becomes the standard form.
On the basis of (9.1.2) and Lemma 9.1.1, we have Obviously, (±1, 0) are elementary focuses of system (9.1.8) and the linearized systems at the points (±1, 0) are (9.1.3). Letting x = ±(u + 1), y = ±v, t = ±τ, (9.1.9) system (9. We denote that A 1 = 2(1 + a 5 )a 4 + (2 + a 1 + a 5 )a 2 , A 2 = 2(1 + a 1 )(1 + a 5 ) − a 3 , A 3 = 3a 4 + (a 1 + a 5 )(5a 2 + 4a 4 ), A 4 = 6(a 1 + a 5 )(1 + a 1 ) + (5a 2 − 2a 4 )a 4 . (9.2.3)
By using the transformation z = u + iv, w = u − iv, T = it, system (9.2.2) can become its associated system. Applying the formula in Theorem 2.3.6, we obtain the first Liapunov constants at (±1, 0) of (9.2.1). We find that there exist 6 terms in V 3 and when V 3 = 0, there are 25, 118, 350, 831, 1717 terms in V 5 , V 7 , V 9 V 11 V 13 , respectively. By some tricks of the simplification, we know that Theorem 9.2.1. The first 6 Liapunov constants of (9.2.1) at the singular points (±1, 0) are as follows:
(a 2 + 2a 1 a 2 − 2a 4 + 2a 2 a 5 − 2a 4 a 5 + 3a 6 ), 
This lemma tell us that if the first six Liapunov constants at (±1, 0) of (9.2.1) are all zeros, then, the common factor between V 13 and R(h 4 , h 5 , a 1 ) is zero. Thus we have Lemma 9.2.2. If the first six Liapunov constants at the singular points (±1, 0) of (9.2.1) are all zeros, then,
(9.2.8) Proof. We first prove the sufficiency. Substituting each condition (C j ) (j = 1, 2, · · · , 11) into the above formulas of V 3 , V 5 , · · · , V 13 , respectively, it follows that V 3 = V 5 = · · · = V 13 = 0. Thus, the sufficiency of this theorem holds.
We next prove that every condition (C j ) is the necessary condition such that V 3 = V 5 = · · · = V 13 = 0. By Lemma 9.2.2, we need to consider the following four cases.
(1) If a 4 = 0 and h 0 � = 0 then Lemma 9.2.2 implies that a 2 = 0. Hence, the relationship (9.2.10) Thus, when a 2 = 0, we obtain the condition (C 9 ). When a 2 − a 4 = 0, we have the condition (C 5 ). When 2a 2 + a 4 = 0, it gives rise to the condition (C 10 ). Hence, when 2a 2 − a 4 = 0, we have the condition (C 6 ). When 4a 2 − a 4 = 0, we obtain the condition (C 7 ). When 5a 2 − a 4 = 0, we have the condition (C 8 ). When 4a 2 + a 4 = 0, we obtain the condition (C 11 ). We now prove that the origin of (9.2.2) is a center when each condition (C 1 ) ∼ (C 11 ) of Theorem 9.2.2 holds.
(1) Suppose that the condition (C 1 ) holds. Under this parameter condition, system (9.2.1) becomes
It is easy to see that the following conclusion holds.
Proposition 9.2.1. System (9.2.12) is a Hamiltonian system with the Hamiltonian quantity
As an example, we use Fig.9 .2.1 to show some phase portraits of system (9.2.13). (2) Suppose that the condition (C 2 ) holds. Under this parameter condition, system (9.2.1) becomes
(9.2.14)
Proposition 9.2.2. Let
System (9.2.14) has an integral factor
and a first integral
where
(9.2.18) (3) Suppose that the condition (C 3 ) holds, we have
Remark 9.2.1. Suppose that the condition (C 3 ) holds. Let
, we obtain the expression of a 1 . By solving h 0 = 0, we obtain the expression a 3 . Thus, condition (C 3 ) can be reduced to
, 
We have Proposition 9.2.4. Under the condition (C 4 ), system (9.2.1) has an integral factor
(9.2.27)
In this case, the condition (C 4 ) can be changed to
(9.2.29) (5) Suppose that the condition (C 5 ) holds. Under this parameter condition, system (9.2.1) becomes
Proposition 9.2.5. Let
, if γ 4 = 0.
(9.2.34) (6) Suppose that the condition (C 6 ) holds. Under this parameter condition, system (9.2.1) becomes (a 1 , a 2 , a 3 , a 4 , a 5 , a 6 ) is complex. Proof. By using the transformation The above transformation makes (±1, 0) of (9.2.51) become the origin (0, 0) of (9.2.53). In addition,
Clearly, the vector field defined by (9.2.53) is symmetric with respect to the ξ-axis. It implies that the conclusion of this proposition.
(11) Suppose that the condition (C 11 ) holds. Under this parameter condition, system (9. The transformation (9.2.57) makes the singular points (±1, 0) of (9.2.55) become the origin of (9.2.58) and we have
Obviously, the vector field defined by (9.2.58) is symmetric with respect to the η-axis. It implies that the conclusion of this proposition. is a quadratic polynomial in a a 1 , a 2 , a 3 , a 5 , a 6 ) = (ã 1 ,ã 2 ,ã 3 ,ã 5 ,ã 6 ) (9.3.11)
and when λ = λ 1 , a
Theorem 9.3.3. Suppose that (±1, 0) are weak focuses of order 6 of system (9.2.1). Then, when (9.3.12) by making a small perturbation of the coefficient group of (δ, a 1 , a 2 , a 3 , a 5 , a 6 ) of system (9.1.8), there exist 6 small amplitude limit cycles in a small neighborhood of (±1, 0), respectively.
Proof. Because (±1, 0) are weak focuses of order 6 of system (9.2.1) and (9.3.4) holds, Theorem 9.2.1 follows that when Δ(λ, 1) = 0, a 4 h 0 � = 0, the Jacbin of the function group (V 3 , V 5 , V 7 , V 9 , V 11 ) with respect to (a 1 , a 2 , a 3 , a 5 , a 6 ) at (ã 1 ,ã 2 ,ã 3 ,ã 5 ,ã 6 ) is given by 
A Class of (E Z2
3 ) System With 13 Limit Cycles
In this section, we consider the following system having two weak focuses of order 6:
where (ã 1 ,ã 2 ,ã 3 ,ã 5 ,ã 6 ) are given by (9.3.5), Δ(λ, 1) = 0, a 4 � = 0 and a
Write the functions of the right hand of system (9.4.1) as follows:
By (9.3.5), every component of the group (ã 1 ,ã 2 ,ã 3 ,ã 5 ,ã 6 ) is a polynomial in λ, a 4 with the rational coefficients. λ ∈ {λ 1 , λ 2 , λ 3 } and a 4 is a free parameter. We are going to consider the bifurcation condition of limit cycles of (9.4.1) created from the infinity (i.e., the equator Γ ∞ of the Poincar'e sphere). Let
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It is known that system (9.4.1) has no real singular point on the equator Γ ∞ if and only if Q 4 (x, y) is positive definite.
Suppose that Q 4 (x, y) is positive definite. In order to investigate the stability and bifurcations of limit circles on the equator Γ ∞ of (9.4.1), by making the transformation x = cos θ ρ , y = sin θ ρ , (9.4.4) system (9.4.1) becomes
Clearly, the right hand side of (9.4.5) is an odd function with respect to ρ, Hence, the solution of (9.4.5) satisfying the initial condition ρ| θ=0 = h has the form
Substituting (9.4.7) into (9.4.5), we obtaiñ 4.10) where R 2 = a 4 cos 2 θ + 2(ã 1 +ã 5 ) cos θ sin θ + (ã 2 + 3ã 6 ) sin 2 θ. (9.4.11) (9.4.8) and (9.4.10) follows that (9.4.12) where
(9.4.13) By (9.4.12), we know that the infinity is a weak focus of (9.4.1) only if Q 4 (x, y) is positive definite and G(2π) = 0.
We see from (9.4.9), (9.4.12) and (9.4.13), when G(2π) = 0,ν 1 (θ) is a periodic function of period π and
(9.4.14)
Lemma 9.4.1. Suppose that system (9.4.1) has no real singular point on the equator Γ ∞ and G(2π) = 0. Then, a 4 is a real zero of the following polynomial H 1 of degree 15 in a 
(9.5.1)
Expanding the right hand of (9.5.1) and comparing the coefficients of the same powers with (9.4.3), it follows from (9.3.5) that α, β, γ 1 , γ 2 are solutions of the equations f 1 = f 2 = f 3 = f 4 = 0, where 
Proof. Because a 4 � = 0, we see from f 1 = 0 that there exists a γ such that
We can assume that γ 0 and prove that γ � = 0. In fact, we see from Proof. By using Mathematica, we see that Res(F 1 , F 2 , γ) is a polynomial in a 4 , λ. Making this polynomial with Δ(λ, 1) to do mutual division with respect to λ, we have a 5.20) where F 3 , F 4 are two polynomials of a 2 4 with rational coefficients. The highest common factor of F 4 and H 1 is 1. By the polynomials theory, there exist two polynomials F 5 , F 6 in a 2 4 with rational coefficients, such that
(9.5.21) (9.5.20) and (9.5.21) imply that (9.5.22) when F 1 = F 2 = H 1 = Δ(λ, 1) = 0, a 4 � = 0. Using H 1 = 0 to eliminate the terms of a 4 with power exponents larger than 28 in the expansion of F 3 F 5 . We obtain the conclusion of the Lemma 9.5.6.
Remark 9.5.3. Using Mathematica, we obtain
where F 7 is a polynomial of a 2 . Thus, in order to make H 1 = 0 and λ = H 2 , it has to satisfy the following 4 conditions:
(9.5.28) From (9.5.26), when H 1 = 0, λ = H 2 and
we have F 1 = 0. For γ 2 given by (9.5.29), we obtain the following computational results:
(9.5.30) By (9.5.30), if one of the conditions C 2 , C 3 , C 4 is satisfied and γ 2 is defined by (9.5.29), then F 1 = 0, γ 2 > 0. Furthermore, (9.5.5) and (9.5.30) imply that
(9.5.31) Clearly, α 2 + β 2 is negative. By Lemma 9.5.2 and Remark 9.5.1, we obtain the necessary of this theorem. Sufficiency: When the condition C 1 holds, we see from F 2 = 0 , (9.6.6) and (9.5.13) that
(9.5.32) Lemma 9.5.2, Lemma 9.5.5 and Lemma 9.5.7 imply the sufficiency of this theorem.
9.6 The Proofs of Lemma 9.4.2 and Lemma 9.4.3
When λ = λ 2 and a 4 is varied in a small neighborhood of ±a * 4 , Theorem 9.4.1 implies that Q 4 (x, y) is positive definite. Thus, we see from Lemma 9.5.1 and Lemma 9.5.2 that Q 4 (x, y) has the factorization as (9.5.3), where α, β, γ satisfy 
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